By using the WKB quantization we deduce an analytical formula for the energy splitting in a doublewell potential which is the usual Landau formula with additional quantum corrections. Then we analyze the accuracy of our formula for the double square well potential, the inverted harmonic oscillator and the quartic potential.
Introduction
Semiclassical quantization is very useful to understand the global behaviour of eigenfunctions and energy spectra of quantum systems, since it allows us to obtain analytic expressions. The leading semiclassical approximation (torus quantization) is just the first term of a certainh-expansion, which is called WKB (Maslov and Fedoriuk 1981) . A systematic study of the accuracy of semiclassical approximation is very important, especially in the context of quantum chaos (Casati and Chirikov 1995, Gutzwiller 1990 ). Since this is a difficult task, it has been attempted for simple systems, where in a few cases even exact solutions may be worked out (Bender, Olaussen and Wang 1977 , Voros 1993 , Robnik and Salasnich 1997a ,b, Salasnich and Sattin 1997 .
In this paper we analyze the energy splitting of doublets in a generic one-dimensional double-well potential. By using the WKB quantization we deduce an analytical formula for the energy splitting which is the usual Landau (1997) formula with additional quantum corrections. The splitting formula can be formally written as
where S is the usual classical action inside the classically forbidden region (between the two turning points) and A is called the tunneling amplitude, which can be written as a polynomial expression, expanded in powers ofh. This formula is based on a linear approximation of the potential near the turning points. First we introduce the basic definitions, then we derive in detail the splitting formula by using the semiclassical WKB expansion and finally we study its validity for the double square well potential, the inverted harmonic oscillator and the quartic potential. Our present work is essentially a semiclassical expansion theory of the tunneling amplitude A of equation (1) . We shall demonstrate that it is indeed a significant improvement of the Landau approximation (1997). Also, we shall mention some potential applications.
Basic formalism
Let us consider a one-dimensional system with Hamiltonian
where V (−x) = V (x) is a symmetric double-well potential. The stationary Schrödinger equation of the system readŝ
The Sturm-Liouville theorem (see, for example, Courant and Hilbert 1968) ensures that for onedimensional systems there are no degeneracies in the spectrum. Let ψ 1 and ψ 2 be two exact eigenfunctions of the Schrödinger equation
such that ψ 1 (−x) = ψ 1 (x) and ψ 2 (−x) = −ψ 2 (x) and E 1 ≃ E 2 . To calculate the splitting ∆E = E 2 − E 1 , we multiply the first equation by ψ 2 and the second by ψ 1 and then we subtract the two resulting equations. By integrating from 0 to ∞ we find ∆E =h
We write the eigenfunctions ψ 1 and ψ 2 in terms of the right-localized function
It is easy to show that E 0 =< ψ 0 |Ĥ|ψ 0 >= 1 2 (E 1 + E 2 ). Then, with the approximation ∞ 0 ψ 2 0 dx ≈ 1, committing an exponentially small error, namely
we get
which is an almost exact starting formula to calculate the energy splitting, since the error committed in approximation (7) is exponentially small. One should observe that this quantity is always positive, because the tail of the right localized eigenfunction ψ 0 (x) at x = 0 has the same sign for ψ 0 (0) and its derivative ψ ′ 0 (0). Another way to see this is to realize that due to the Sturm-Liouville theorem there are no degeneracies in one-dimensional systems, implying that all pairs of almost degenerate states, from the ground state up, are grouped by odd state above the even state.
Semiclassical method
To determine the function ψ 0 we perform a WKB expansion of the Schrödinger equation. We observe that a generic eigenfunction ψ of the Schrödinger equation can always be written as
where the phase σ(x) is a complex function that satisfies the Riccati differential equation
The WKB expansion for the phase is given by
Substituting (11) into (10) and comparing like powers ofh gives the recursion relation (n > 0) (see Bender, Olaussen and Wang 1977)
(12) With the momentum p = 2m(E − V (x)) the first five orders in the WKB expansion are given by
In particular, if we call a and b the two turning points corresponding to the energy E, the right localized wavefunction ψ 0 is given by
for a < x < b (allowed region), where
and
Instead we get
for x < a (forbidden region), and also
for b < x (forbidden region), wherẽ
). In evaluating the integrals σ k using (13) we cannot integrate naively on the real axis, because such integrals are divergent, but must take a partial derivative w.r.t. the energy of certain fundamental complex contour integral. See (Bender et al 1977) and section 6. We observe that it is possible to write C a , C b , C 1 and C 2 in terms of a unique parameter C by imposing the uniqueness of the wavefunction ψ 0 at the turning points. Following Landau (1997) and Merzbacher (1970) we suppose that near the turning point x = a it is possible to approximate the potential locally linearly by writing
with F 0 > 0. In this case the connections at the turning point imply that
and the right localized function ψ 0 (x) can be written for |x| < a as
In this way the splitting formula, up to the 5th order, after taking into account some straightforward relations for σ k and its derivatives (see the Appendix), becomes
The equation (24) can be written in a compact form, certainly up to the 5th order, and probably also generally to all orders, as follows
To determine C we impose the normalization condition
from which we get
and an expression for C 2 ,
which is valid up to the 4th order in theh power series of C 2 . The final formula is given by
This formula is the usual Landau (1997) formula for the energy splitting (1st order inh for the tunneling amplitude) with additional quantum corrections (up to the 5th order inh for the tunneling amplitude). We note that higher-order WKB corrections quickly increase in complexity (Robnik and Salasnich 1997a,b) but, in principle, they can be calculated from the equation (12) . It is important to stress that our splitting formula is good if the potential is sufficiently smooth so that the linear approximation is valid near the turning points.
The same splitting formula (25) and (29) can be derived using the semiclassical scattering formalism, for example as expounded by Iyer and Will (1987) and by Will and Guinn (1988) . However, the main result (25) and (29) of this paper cannot be obtained by simple substitution or reinterpretation of their results. They use the scattering approach and treat the scattering problem (asymptotical free motion), calculating the transmission coefficients for the tunneling penetration through a potential barrier, and specifically they treat the behaviour near to the top of the potential barrier. Also, their approach is doubly perturbative, namely they make the power expansion of the potential around the top of the barrier whose leading term is of course the inverted harmonic oscillator plus power terms in the series expansion, and they do at the same time the semiclassical expansion in terms of the powers of the Planck constanth. They offer a formalism (an algorithm) how to calculate the requested quantities (transmission coefficients) to all orders, however they solve the relevant equation only up to the fourth order. So, their result cannot be easily mapped (by substitutions and other simple operations) onto our problem and our solution. Indeed, to get the result (25) and (29) using the scattering approach it is necessary to go back to the very first step in their formalism.
We have done this and confirmed, as mentioned above, that the result is the same. To this end the solution is written down in the form of the semiclassical ansatz in each of five regions separated by the turning points. At the turning points we do not request the condition of the continuity of the wavefunction and its derivative, but use the socalled Kramers correspondence rules instead (they determine the coefficients of the ansatz in such a way, that exponentially increasing solution in the classically forbidden regions does not occur). Thus, the asymptotic boundary conditions for the scattering problem are automatically taken into account: no propagation to the left or to the right of the classically allowed region.
Using this ansatz we have six unknown coefficients plus the eigenenergy that we seek, and we have six linear equations plus the normalization condition, so the problem is well defined. This system of equations can be reduced by simple elimination of some of the coefficients to a set of two homogeneous linear equations for which the solvability condition is now vanishing of its determinant, which must be satisfied precisely at the eigenvalues of the energy. Assuming that the pair of almost degenerate levels is separated by a small amount ∆E, we can do the Taylor expansion up to the first order in ∆E, neglect the quadratic and higher terms, and obtain exactly the equation (25) and (29).
Double square well potential
As the first example, we consider the double square well potential. In this case the linear approximation of the potential near the turning point is not valid. The potential is given by
For this potential we have p ′ (x) = p ′′ (x) = 0 for −a < x < a and the corrections to the Landau (1997) formula are zero. A naive application of the splitting formula gives
(31) This formula is not correct. In fact, by using the exact 1 wavefunction
for 0 < x < a (forbidden region), and
(33) for a < x < b (allowed region), and by imposing the exact matching and normalization conditions (Flügge 1971 ) we find
1 Actually, strictly speaking, this is not exact but nevertheless the same expression that we get by evaluating the leading term for ∆E by using the implicit trigonometric eigenvalue equation (Flügge 1971, Robnik and Salasnich 1997, unpublished) .
Then we obtain:
This is the exact energy splitting for the double square well potential. It differs by a factor 4 E(V 0 − E)/V 0 from the WKB result based on the connection formulae (21-22) which are not justified in the present case.
Inverted harmonic oscillator
In this section we compare the Landau formula of the energy splitting with the exact one. We consider the inverted harmonic oscillator given by
We can introduce the following reduced variables
(39) Then it is not difficult to show that the Landau formula reads
where
This formula can be compared with the exact energy splitting. Let ψ(x) be a quantum state of the inverted harmonic oscillator. It can be written in terms of the eigenstates ψ (+) and ψ (−) of the square well potential
(a n ψ
where ψ
The matrix elements of the quantum Hamiltonian of the inverted harmonic oscillator read
(44) The exact energy splitting is obtained by numerical diagonalization, in quadruple precision, of the quantum Hamiltonian. We took a 4800×4800 matrix, thereby achieving 31 valid digits for the lower levels that we consider. In figure 1 we plot the negative logarithm of ∆Ē as a function of the mean energyĒ of pairs of almost degenerate consecutive energy levels. We note a very good agreement between the exact and the Landau splittings. To resolve the differences, in figure 2 we show the tunneling amplitude A (= the expression (29) without the exponential tunneling factor) as a function of the mean energyĒ of pairs of almost degenerate consecutive energy levels.
Quartic potential
In this section we consider the well known quartic potential, given by
where the parameters A and B are related to the potential barrier V 0 and to the position of the minimum x 0 by
By using the following reduced variables the quantum Hamiltonian operator of the system can be written
Let |ψ be a state of the quartic potential. It can be written in terms of the eigenstates |n of the harmonic oscillator
The Schrödinger equation for the harmonic oscillator is
By introducing the creation and annihilation operatorsâ
which have the following propertieŝ
we get the matrix elements of the quantum Hamiltonian of the quartic potential
× (n + 4)(n + 3)(n + 2)(n + 1) .
We calculate numerically, in quadruple precision (32 decimal digits), the energy levels of the system in the basis of the harmonic oscillator. For numerical purposes we took ω = 2 and the dimensionality 1000 × 1000, thereby again achieving 31 valid digits for the lower levels that we consider.
In this way we can compare the exact energy splittings with the semiclassical ones, which are obtained by using our splitting formula (29). For the quartic potential we havẽ
σ
Moreover we get
where m = 
The functions Z 1 , Z 2 , K 1 , K 2 , Q 1 and Q 2 are defined as follows:
In most of the above manipulations we have used the Mathematica software. Please note that the quantities (13) needed in (29) are strongly divergent at the turning points, but all the expressions in (29) can be made finite by taking partial derivatives with respect to E of certain finite expressions as in (54) the exact results with the semiclassical ones at 1st (Landau), 3rd and 5th order inh. We observe that, as expected, there is a better agreement by increasing the energy because at high energy the classical momentum of the particle is large and thus the de Broglie wavelength sufficiently small for the semiclassical methods to be applicable. In figure 4 (5) we plot the tunneling amplitude A as a functionh ef f for the first (fourth) pair of almost degenerate consecutive energy levels. As shown also in table 1, the semiclassical results approach the exact ones by increasing the perturbative order inh. Note that at the 5th order inh the agreement with exact result is up to the 8th digit. 
Conclusions
In this work we have taken the first step towards a systematic improvement of the Landau formula (Landau and Lifshitz 1997), which is the semiclassical leading order energy level splitting formula for pairs of almost degenerate levels in double well potentials. We have developed the algorithm for the semiclassicalh expansion series to all orders for the tunneling amplitude A (of equation (1)), and thus calculated explicitly the quantum corrections up to the 5th order. We have compared the semiclassical predictions with the exact results obtained numerically, in quadruple precision in case of the quartic double well potential. Our approach is based on the usual WKB expansion in onedimensional potentials. Thus the calculation of higher corrections can in principle be continued by the same method, although the structure of higher terms increases in complexity very quickly. We have also shown what happens in cases where the assumption implicit in the Landau formula (namely the linearity of the potential around the turning points) is not satisfied: We get a different result even in the leading semiclassical order, and this has been shown for the double square well potential. We should stress that the Landau formula (1997) is indeed quite good approximation since it always yields the correct order of magnitude (the exponential tunneling factor is always exact) and even the tunneling amplitude is correct within the 5-50 % .
It is our goal to work out a more direct WKB approach to the solution of the multi-minima problem, by the contour integration technique, based on requiring the single valuedness of the eigenfunction, as has been done in the case of a single well potential in (Robnik and Salasnich 1997a,b) . This is our future project.
Finally we should mention important applications e.g. in the domain of molecular physics (Herzberg 1991, Landau and Lifshitz 1997, CohenTannoudji et al 1993). For example, the N H 3 molecule can be described by a quasi onedimensional potential V (x) as a function of the perpendicular distance x of the nitrogen N atom from the H 3 plane, and as such it has the double well form, with the top of the potential barrier at x = 0. In order to calculate the energy level splitting of the doublets of vibrational modes one needs exactly our theory. Another example is the torsional motion of C 2 H 4 molecule, where again we encounter an effectively one-dimensional double well potential. In case of C 2 H 6 molecule, we find three potential wells where the tunneling effects again determine the splittings of energy triplet levels and a generalization of our theory would give an improved estimate of the splittings. × exp 2 h 0 a |p| dp +σ even +σ odd .
The exponent of all terms except the leading one can be expanded in theh power series. The expression valid up to the 5th order inh expansion reads as ∆E = 2hC 2 m 1 +h2σ 2 (0) Using the recursive relation forσ ′ k we observe that certain combinations in the tunneling amplitude in the upper equation are the integrals of functions identical to 0, evaluated in x = 0. In the term that stands withh 2 such a combination is
The same combination multiplied byσ 2 andσ 2 2 can be also found in the brackets afterh 3 andh 4 . In the bracket afterh 4 one more combination like that can be found 
and by taking into account the even symmetry of the potential V (x) due to which the first derivatives of all oddσ k evaluated at x = 0 are zero, we obtain equation (24).
